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ABSTRACT 
Given two idempotents e and f in a Banach algebra A, we study spectral 
characterizations to the effect that e and fare not equivalent in A. 
1. MOTIVATION 
It is well known and easy to show that two projections P and Q in a finite 
dimensional space are similar if and only if they have the same rank. 
Geometrically it means that P can be joined with Q by a continuous path 
consisting of projections. But how far has such a path really to go from the 
given projections? In this paper we shall study an algebraic measure of this 
deviation. More precisely, when can we assert that a path of projections 
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connecting P with Q can be found in the algebra generated by P and Q or, 
more generally, in a prescribed algebra containing P and Q? Also closely 
related is the problem of the algebraic position of an operator S accomplishing 
the similarity Q=S -‘PS. We obtain simple spectral criteria which classify the 
projections up to this equivalence and, moreover, answer the questions just 
indicated. It turns out that the answers depend on the position of the point 1 
with respect to the spectrum of the operator P+ Q. We consider the problem 
in the general context of Banach algebras. 
Let A be a complex Banach algebra. The set of all idempotents in A splits 
into connected components. The structure of these components was studied 
in [l] and [4]. By Theorem 3.2 of [4] they are arcwise connected. We shall 
write e-f to denote that the idempotents e and f belong to the same 
component. By Theorem 3.3 of [43 this occurs if and only if f=w ‘ew where 
w is a finite product of exponentials, that is u; = exp( a 1 ) . . . exp( a ,, ) for 
suitable elements uI,. . . , a,, in A. (If the algebra A does not have an identity, 
then the exponentials are in the unitization of il but the arc of idempotents 
connecting e with f lies in A; see [4].) 
Given two idempotents e and fin A, the natural problem is how to decide 
whether or not they belong to the same component. In view of the recent 
progress in the structure theory of Banach algebras by means of various 
spectral properties, we believe it should be possible to solve also this question 
in terms of certain spectral conditions e and f. 
The spectrum of an element x in A is denoted by Sp X. The following 
interesting result is due to Z. V. Kovarik [l, Theorem 1 (ii)]. 
PROPOSITION. Let e and f he idempotents in u Ranuch algebra A. lf 
1 @Sp( e+ f) then e-f (in fact, e can he joined with f by two real segments 
consisting of idempotents). In other words, if erf then 1 l Sp(c+ f ). 
This proposition suggests that a condition like 1 ES~( e+ f) might be a 
characterization of the fact that eyf. It is clearly so if A is commutative. In 
general, however, the condition in exactly this form is only necessary but not 
sufficient for e7y f. To see this consider an idempotent e of rank one in M2(C). 
Then f= 1 -e is also an idempotent of rank one, and hence e-f though 
1 E Sp( r>+f). Obviously this example breaks down if we strengthen the 
spectral condition a little. Namely, we may require that the point 1 be .stulh 
in the spectrum of e+f, that is, 1 ~Sp(e’+f’) for all idempotents 6” and f 
(in A) near to c and f, respectively. This is still necessary for crf, because 
11 f> ~ c’I/ small implies r- (1’ (see, for example, Lemma 3.1 in [4] or the 
Proposition above). We do not know if this stronger condition is already 
sufficient for erf in any Banach algebra A, but we provide here a neat proof 
when A is finite dimensional (Theorem 1). We also show that the original 
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weaker condition 1 ~Sp(e+f) is equivalent to in algebra generated 
by and even restriction on the dimension (Theorem 2). 
2. THE RESULTS 
THEOREM 1. Let A be a (real or complex) Banach algebra of finite 
dimension. Let e and f be given idempotents in A. Then erf if and only if 1 
is stable in the spectrum of e+f, i.e. 1 ~Sp(e’+f) for all idempotents e’, j” 
in a neighborhood of e and fin A, respectively. 
Proof. We start with the complex case because then the idea is more 
transparent. In view of Kovarik’s proposition, it is enough to prove that 
1 ESp(e’+f) implies erf. Suppose on the contrary that e-f. As mentioned 
before, there are elements a,, . . . , a, in A such that 
f=exp( -an). . .exp(-a,).e.exp(a,) . . .exp(a,). 
Consider the analytic function 
g(X)=exp( --Au,). . .exp( -ha,).e.exp(Xa,) . . .exp(Aa,) 
defined for all complex X. The values of this function are idempotents in A 
(belonging to the component of e-f ), and g(O)=e, g(l)= f. We put 
h(X)=g(h)+g(l-X)-l. 
Since the algebra A is isomorphic to an algebra of matrices, we can speak of 
the determinant of elements in A. 
By assumption we have 0 E Sp( h( h)) for all h in a neighborhood of zero in 
the complex plane. Hence det h(h)=0 for these X. Since det h(X) is an 
analytic function of h, we conclude, by the identity theorem, that det h( X ) = 0 
for all X. But the spectrum of h(i)=2g(g) - 1 does not contain zero, because 
g(i) is an idempotent. Hence det h(i)#O, a contradiction. 
In the real case the argument is similar. Using Kovarik’s proposition and 
the same idea as in the proof of Theorem 3.3 in [4], it is possible to show that 
e-f in a real algebra A implies that f= hK’eh for some invertible element h 
in A (or in the real unitization of A). We may assume that A is a subalgebra of 
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M,,(R), where n is the dimension of A. We put 
g(X)=det(e(l+hh)+(l+Xh)f-(l+Xh)). 
Then g(X) is a polynomial in A and the coefficient of h” is det( eh + hf- h j 
=(det h)det(h-‘eh+f- l)=(det h)det(2f- l)#O. So g(h) has only finitely 
many zeros in [w. So there exists a deleted neighborhood of 0 in which 
det(l+hh)#O and g(h)#O. But then, setting e’=(l+hh)P’e(l+hh), we 
have e’ EA, e’+f- 1 is invertible, and e’ is close to e for h sufficiently small. 
This contradiction finishes the proof. n 
REMARK 1. Clearly it is enough to assume only 1 ES~( c+f’) for all 
idempotents s’ in a neighborhood of f, and then an analogous argument 
yields erf. Further weakening like “1 E Sp( P +f;, ) for a sequence of idempo- 
tents f;, fftending to f ” is no longer sufficient for e7f. This can be seen in 
114,(C) by considering two mutually orthogonal projections e, f of rank one 
and choosing the ranges of x, in the orthogonal complement of e. Then we 
have always 1 ESp( ~+f, ) because P+J;~ is an identity on the subspace 
spamled by the ranges of P and f;,. But c-f, since they have the same rank. 
Note that the condition eyf as well as the corresponding spectral 
condition becomes weaker with respect to a smaller algebra (containing e and 
f). We now deal with the extremal case where A is the algebra generated by e 
and f. By this we mean that A is the closure of all finite algebraic combina- 
tions of e and f. The first step in this direction was done in [2]. 
LEMMA. Let A be a primitive complex Banach algebra (with identity) 
generated by the idempotents e and f. Then A is isomorphic to C or MJC). 
Proof. Since (e-f )2 commutes with e and f, it belongs to the center 
Z(A) of A. By [3, (2.4.5)], Z(A)=C. Hence we can write fe as a linear 
combination of 1, e, f, ef, and thus every monomial in e, f is contained in the 
linear space S=span{l, e, f, ef }. S ince S is finite dimensional, it is closed. 
Hence S= A and the lemma follows. n 
Now we are able to prove the complete converse to the result of Kovarik. 
THEOREM 2. Let A be a complex Banach algebra generated by the 
idempotents e and f. Then erf in A if and only if 1 E Sp( e+ f ). 
Proof. We have again only to show that 1 E Sp( e + f ) implies er f in A. 
Suppose on the contrary that e-f. 
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Since (e +f- 1)2 commutes with all elements in A, we have B = (e + 
f- 1)‘A a two sided ideal in A. Moreover, this ideal is modular with 
( e-f)2 = l- (e+f- 1)2 as a modular identity. Suppose that B#A. Then 
(e -f)2 is not in B. Let M be a maximal proper left ideal in A containing R. 
Let P be the quotient of M, that is P= {n EA : aA C&f}. Then P contains H 
and A/P is a primitive Banach algebra generated by C+ P and f+P, with 
identity (e-f)“+ P. By the lemma, A/P is either C or M,(C). Since e-f, 
r+P-f+P. In the first case e+P=f+P, hut then (~P~)~EP yields a 
contradiction. So A/P=LV,(C). But then e+P, f+ P must have rank one. We 
may assume that 
e+P= ’ O 
( 1 0 0’ 
f+P=(; (SI). 
But then det( e +f- 1 + P) =O implies p = 0. Hence s = 1 and CJT= 0. Hence 
e+P, f+P are both upper triangular or both lower triangular, and thus they 
cannot generate M,(C). This is a contradiction. So B=A. Hence (e+f- l)A 
= A =A( e +f- 1). It follows that e +f- 1 is invertible; consequently 1 @ Sp( e 
+f). n 
REMARK 2. Having proved Theorem 2, it is now immediately clear that 
the same characterization is valid also for real Banach algebras. 
This paper is a result of our discussions during the Royal Irish Academy 
Symposium on Spectral Theory held in Trinity College Dublin at the begin- 
ning of July 1980. We are indebted to Professor T. T. West for organizing this 
very pleasant meeting. 
REFERENCES 
Z. V. Kovarik, Similarity and interpolation between projectors, Acta Sci. Mnth. 
(Szeged) 39:341-351 (1977). 
T. J. Laffey, Algebras generated by two idempotents, Linear Algebra cmd Appl. 
37:45-53 (1981). 
C. E. Rickart, Generul Theory of Bunnch Algebras, Van Nostrand, Princeton, N. J.. 
1960, p. 61. 
J. Zembek, Idempotents in Banach algebras, Bull. London Math. Sot. 11: 177- 183 
(1979). 
